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| Introduction I Reformulations Computationally efficient lower bound
. Convex lower bound of the objective function based on Jensen inequality
Two-stage stochastic program Lemma (Ye et al, 2024)
: . : — Lemma
cost* = min z) + E[Q(z, w(£), s.t. A:x + Bew < he, V For any s € S and a fixed decision (z,w(£)), the Under a discrete support set = = {£1,&2,...,&n} .
zeX,w(€) 9(z) o (£),€) . . (&) = & v W5 (fs(z,w(§), ), fo(z,w(§),&)) (we use W (fs, fs) for then the result in the lemma can be reformulated as: For and p > 1, Wy (-, ) is bounded by:
. El % .2 simplicity) can be expressed as:
z: First-stage decision chosen from a convex closed set X. plicity) g W5 (fs, fsr) = Z i‘tks — b [P max W (fs(@, we, &), for (2,10, £)) 2
¢: Random variable. ” S . ) p m ’
] S d deEie Wp (.fSafS') - / |Fs (yl(x,w(f))) _Fs' (y|(33,'w(£)))| dy k€lm|-1 ma,,x E[fs(a:,wg,@] —E[fg(il),’lﬂg,ﬁ)“p
w(£): Second-stage decision. ’ where tis is the £ quantile of fs(z,w(£), &), >°
g: Continuous function for the first-stage cost. where F; ! is the inverse distribution function of the random having a mixed-integer convex representation. where E is the expectation over &. )
, - - - : function fs(x,w(&),&) for each s € S.
Q: Continuous function (linear) for the second-stage cost. ‘ Valid inequality for bilevel constraint based on strong duality (Kleinert and Schmidt, 2023)
E: The expectation over €. i i i -i
. l? ! 3 o | Quantile formulation by mixed-integer convex programs Ajé = max Az s.b. Aex + Bew(€) < he, g(z) +E[Q(z, w(€), )] < cost® - k, VE.
cost™: Minimum cost without considering fairness. N — zeX,w(§)
Wasserstein p-Distance min  max Z l|tks - Formulation _
zeX,w(&),t s,s . -
Definition ketml~ Er)rfun(f) IE%IX Elfs(z, we, §)] — Elfs (@, we, §)] |p
.t. < * i reX,w ! i ]
Wasserstein p-Distance Wp(+, -) is define as: st 9(@) +E[Q(z,w(€), )] < cost” - & DF-TSSL s.t. g(z) + E[Q(z, w(£),€)] < cost* - k DF-TSSL (LB)
A¢x + Bew(€) < he, VE ’ =
§ § = 10,
WP(P,,Py) = inf P Qd(y, des)) k Agz + Bew(C) < he, Ve ] DF-TSBL (LB)
p (P1,P2) = 0 {(/:x: 161 = Gl” @LdG, 42)) } tes = — quantile of fy(z,w(¢),§), Vk € [m] —1,5 € 5. Q(z, w(£),8) < Qz,w'(€),8) + Af (Af + Bew'(§) — he), V¢
/ T _
where Q is the joint distribution of {1 and {2 with marginals P; and Version 1: Bilevel traint based | ) Lk - DF-TSBL VuwQ(z,w'(€),€) + Bg Ae = 0,A¢ 20, V¢
z : €rsion 1. plicvel constraint pasecd on compiementary SiaCkKness — -
P2, respectively. || - || is a norm and p € [1, 00). ) P y where A; denotes the vector of upper bounds A;E.
e 4 s . o . o )‘5 > 0, )\Z(Asl' + Bg’w(f) - h’ﬁ) =0, va(SC,’LU(E),g) i Bg’\ﬁ =0, V¢. -
Distributionally fair two-stage single level and two-stage bilevel problem
Big-M reformulation for Version 1 I C tati | Stud
- - omputationa U
DE-TSSL DF-TSBL 0 < Ae < My, —M(1—y¢) < Az + Bew(€) — he <0, ye € {0,1}, Ve. . ¥
: p , min  max W2 (fs(xz,w(£), &), fs(z,w(£),§)) Problem settin
xer)r(l,qu}(g) I?%fx Wy (fs(,w(8), &), for(2,w(€), £)) r€Xw(E) s L Version 2: Bilevel constraint based on strong duality 5
s.t. 9(x) + E[Q(z, w(€),€)] < cost” - & . g(<m )>+E[Q(?’w({§)’<€)] . C)OSt . } Ae 20, Q(z,w(€),€) < Qz,w'(§),€) + A (Agz + Bew'(€) — he), S=2,m=10,n,=3,n="5,c, =5p1 =5p2=15,§ =2, = 1.
AgiU-I-Bg’LU(f)Shg, \VI§ 'w§ Eargnql})n Qx,w,f :A§£B+B§’w§h§ y Vﬁ v xw, BT)\ — 0. VE. .
w@(z,w (), ) + Be A =0, V& _ k varies from 1 to 1.7.
fs(x,w(€),€): Utility functions for community s, s € S under decisions x and w(£) in scenario &, | === === === - - - oo oo e e e e e e e e e e e ——— - - - - ———— -
k: Tolerance on cost, > 1. Ditference-of-Convex (DC) program Numerical results for solving DF-TSSL.  Numerical results for solving DF-TSBL
] DC constrained problem 105 1 ———— Ze ocaprsaL
M otivati o n PrOpOSitiOn N | - Ji:‘ZZtnD[:::SSSLL —8— Jensen DF-TSBL with valid inequality
— s 1104
Capacity planning problem e K
Parameters Description Wg(fs (CB, ’lU(ﬁ), 6)7 fs' (CL’, w(ﬁ)? f)) b= W; (CB, ’lU(é.)) o Wp_ (CU, ’U)(&)) i‘ > 100 -
e »\ 0; Unit cost of capacity in facility 4 6 7 §
=] gl | e, Unit shipping cost from i to j in community s where W, and W~ are convex functions in © and w(§). T | W
gi &/Iaxngwumfsupply capa'clty at faC|I.|tyz b p y + 85 + o0
o ) Ng umber O custome.rs In comrrlu.mty S ' — *;('-
:acﬂes elvery WS ) CUSthne: g EZ’:;?JZ;??,Z?&:: ;ﬂ,‘,’fﬁfg@e?a"d of community s Proof sketch: W} can be written as the minimum of finitely many continuous functions of z and w(§). % ] o N
l ; \——- /?\ Decision Variables | o o — = 75 4 | |
; - ,/5\ Zigj (&) i::ﬂ::\?(;? ;?:c?ﬁ::ttys I:hif::i:yf:om facility ¢ to customer j in community s EI)I’(lln(g) Wp+ (m? w(f)) o Wp— ($7 w(f)) | | | | | | | | | 70 1 = . : : ; : : . .
i_ s ., in scenario & % s34 _ i 0.00 0.25 o.;i)/ (f (o).(vsw 1.)oof’(xl.;::/ | ’1).30 1.75 2.00 - 0.25 Oﬁ’/ (fs(?:wg, ,El-)of)fs,(x,li/f,, 5,1)-5)0 175 2.00
o LS Capacity cost: g(z) = 3°, 0z, s.t. g(z) + E[Q(z,w(§),€)] < cost* - k, Aex + Bew(€) < he, VE DF-TSSL S p(fs(x, wg, &), fo(x, wg', § p
= , : Average of unfulfilled demand: f;(z, w(€),€) = 7 32;(& — 22, wi;(§)+ Constraints can be written as DC functions in z, w(§). _ ] Running time for solving DF-TSBL
wij ) /3 \ :
Total second-stage cost: Q(z,w,&) =32, >, >, ciwi;(§) + 3, psnsfs(z, w(§),€) ’ &) —Q*(z,6) <0, V Exact Exact DF-TSBL Jensen relaxation
. ’ Qle,w(e),€) = Q(@,8) <0, V¢ £ | DETSBL.  with blgsM methed =  uith valid Bregpaiity T DFTSSLe allih
min Z 0T + — > :(> : >:> : cfjw'?j (6) + Zpsnsfs(x’ w(&),{)) where Q*(ﬂ?,f) = IIlil'lw{Q(:E, w(&),&) . AE:I: + B,;:’U)(&) < hﬁ}a V£ - 1.00 4.19 4.20 411 1.23 n - : . a. t r.ee
i Meecz 7 & 35 s 1.01 7.16 15.67 3.99 1.05 methods yield identical
" , —_ & 5 , — ST e e e e e e e e e e e e e e e e e e e e 1.03 7.08 31.54 3.99 1.07
st ) D wiy(€) —gimi <0, Vi£ €8, ) Y wi;(€) —& <0, Vj,E€E,s DC constrained problem general form 1.07 TL 16.51 5.95 1.08 results.
s 7 s ] ~ 1.10 TL 36.65 5.96 1.07 e In DF-TSBL.: DCA obtai
: _ . L — (. o (E) n . optains
| e : 2 = min hn(z) := b (z) — h=(z min Ho(v) := AT (V) = h= (v: 2 1.20 TL 04.81 11.99 1.07 : .
zi € [0,1], ¥i, wi;(€) 20, Vi,j 5,6 € Z zEZ 0(2) 0 (2) 0 (2) _, VEZ o(v) 0 (V) o (viz™) 1.30 TL 2704.95 16.02 1.06 the optimal solution when
. . _ . o ) 1.40 TL 1941.68 22.07 1.47 . . .
m: Number of scenarios. S.t. hz(Z) — h:— (Z) _ hz (Z) < 0, = [,n] s.t. HZ(V) — h:‘ (V) — hz (V; Z(k)) <0, 7€ [n]’ 1.45 TL 1070.18 25 01 1.06 the unfairness is small, the
¢: Scenario uniformly sampled from a discrete support set = = {£1,&s,...,&n}- 1.50 TL 44.20 29.97 1.15 lower bound is tlght when
— . . 1.55 TL 106.52 36.04 1.15 . . .
---------------------------------------------------------------------------- ﬁ:r and hz- fori=0,...,n are real-valued, convex functions. /\ 1.60 TL 35 06 44.04 1.07 unfairness is hlgh.
Assume S=2, m=1,n,=1,n=1,£=2,£2=1,¢c,=1,01=5,p1 =1, po =2 and k = oco. ho(viz) = h (z) + (b)) T (v — ). 1.65 TL 744.82 53.86 1.07
1.70 TL 86.79 71.94 1.07
of T | N ] h. : Arbitrary subgradient in Oh; (z).
* In DF-TSSL, both first- and second-stage SN — - DrTse TL: Time limit is 3600 seconds
decisions aim to minimize the fairness while sl - Algorithm Difference-of-Convex Algorithm (DCA), (Sriperumbudur ‘
incorporating total cost into consideration. g / and Lanckriet, 2012) References
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